The two-point correlation function is calculated in the Lorentzian EPRL spinfoam model, and shown to match with the one in Regge calculus in a proper limit: large boundary spins j → ∞, and small Barbero-Immirzi parameter γ → 0, keeping the size of the quantum geometry A ∼ γj finite and fixed. Compared to the Euclidean case, the definition of a Lorentzian boundary state involves a new feature: the notion of past-and future-pointing intertwiners. The semiclassical correlation function is obtained for a time-oriented semiclassical boundary state.
I. INTRODUCTION
Spinfoam amplitudes provide a covariant definition of the dynamics of Loop Quantum Gravity [1] [2] [3] [4] . A basic test the amplitude has to pass is that, its semiclassical behavior matches with classical gravity. The vertex amplitude has been shown [5] [6] [7] [8] [9] [10] [11] [12] to correctly determine the Regge action for discrete gravity. Given this result, the next test for the theory regards the behavior of small quantum fluctuations around a classical solution. In the Euclidean theory, the two-point correlation function for the Penrose metric operator (also called the spinfoam propagator ) restricted to a single vertex is calculated in [13] and the three-point function in [14] . In this paper we will consider the physically relevant Lorentzian case.
In this paper we compute the Lorentzian two-point correlation functions for the Penrose metric operator. The setting is the one introduced in [15] and developed in [13, [16] [17] [18] [19] [20] [21] [22] [23] [24] . In particular, we restrict to a single spinfoam vertex and compute correlations on a semiclassical state peaked on the spacelike boundary geometry of a Lorentzian 4-simplex. For a discussion of the role of this truncation see [25] .
Here we briefly review the procedure for completeness. We consider a 4-dimensional manifold R homeomorphic to a 4-ball, with its boundary given by a 3-dimensional manifold Σ = ∂R homeomorphic to the 3-sphere S 3 . We associate to Σ a boundary Hilbert space of states: the LQG Hilbert space H Σ spanned by (abstract) spin networks. We call |Ψ a generic state in H Σ . A spin foam model for the region R provides a map from the boundary Hilbert space to C. We call this map W |. It provides a sum over the bulk geometries with a weight that defines our model for quantum gravity. The dynamical expectation value of an operator O on the state |Ψ is defined via the following expression
(1) * Unité mixte de recherche du CNRS et des Universités de Provence, de la Méditerranée et du Sud; affiliéà la FRUMAN. This expression corresponds to the standard definition in (perturbative) quantum field theory where the vacuum expectation value of a product of local observables is defined as
. (2) The vacuum state Ψ o [φ] codes the boundary conditions at infinity. The operator O can be a geometric operator as the area, the volume or the length [26] [27] [28] [29] [30] [31] [32] [33] . The geometric operator we are here interested in is the (densitytwo inverse-) metric operator q ab (x) = δ ij E a i (x)E b j (x). We focus on the connected two-point correlation function G abcd (x, y) on a semiclassical boundary state |Ψ 0 . It is defined as G abcd (x, y) = q ab (x) q cd (y) − q ab (x) q cd (y) .
We generalize the semiclassical states used in [13] , which is obtained via a superposition over spins of spinnetwork states having nodes labeled by Livine-Speziale coherent intertwiners [34] [35] [36] , with coefficients proposed by Rovelli in [15] . The origins of this semiclassical state is studied in [37] . Here we generalize this semiclassical state to be Lorentzian, in the sense that it is related to Lorentzian geometry.
We assume that the Barbero-Immirzi parameter γ is positive 1 and restrict ourselves to the first order of vertex expansion, i.e., we consider the spinfoam with a single vertex. Our main result is the following. We consider the limit, introduced in [13] and discussed in [9, 10] , where the Barbero-Immirzi parameter is taken to zero γ → 0, and the spin of the boundary state is taken to infinity j → ∞, keeping the size of the quantum geometry A ∼ γj finite and fixed. This limit corresponds to neglecting Planck scale discreteness and twisting effects, at large finite distances. In this limit, the two-point function we obtain exactly matches the one obtained from Lorentzian Regge calculus [38] . We therefore extend to Lorentzian signature the results of [13] .
II. LORENTZIAN GEOMETRY AND LORENTZIAN SEMICLASSICAL BOUNDARY STATES
Semiclassical boundary states are a key ingredient in the definition of boundary amplitudes. Here we describe in detail the construction of a boundary state peaked on the intrinsic and the extrinsic geometry of the boundary of a Lorentzian 4-simplex. The construction follows the Euclidean case [13] , by considering Lorentzian geometry of a 4-simplex with space-like tetrahedra. As in the Euclidean case [13] , it uses the Livine-Speziale coherent intertwiners [34] (see also [35] ) together with a superposition over spins as done in [15, 16] , and thus it can be considered as a Lorentzian version of an improvement of the boundary state used in [20] [21] [22] where Rovelli-Speziale gaussian states [39] for intertwiners were used.
We consider a simplicial decomposition ∆ 5 of S 3 . The decomposition ∆ 5 is homeomorphic to the boundary of a Lorentzian 4-simplex: it consists of five tetrahedra a which meet at ten triangles (ab) (a, b = 1...5 and a < b). In particular,we focus on the Lorentzian geometry, where all the five tetrahedra a are space-like, i.e., all the normals to the tetrahedra are time-like. Suppose the time-like normals to the tetrahedra are outward-pointing, for convenience. Then for each triangle (ab), there is a corresponding "wedge" composed by the two tetrahedra a and b which meet at the triangle (ab). Since all the tetrahedra are space-like, the tetrahedron comes in two types: the outward normals are either future-pointing or past-pointing. The wedges are then classified into two types: it is called in [7, 40] thick wedge if the incident tetrahedra are of same pointing type, which means both future-pointing or both past-pointing, otherwise called thin wedge. We introduce a quantity Π ab to denote the Lorentzian geometry of the triangle (ab) in the following way:
Now we consider the complete graph Γ 5 dual to the decomposition ∆ 5 :
with five nodes v a dual to tetrahedra of the 4-simplex and ten links l ab , (a < b) dual to the corresponding meeting triangles. Consider the group SU (2) and associate an irreducible representation j l (a spin) to each link l of the graph Γ, and an SU (2) intertwiner i n to each node n of the graph. The spin network states |Γ 5 , j ab , i a supported on this graph span the truncated SU (2) Hilbert space H Γ5 of LQG. Now let us introduce a (overcomplete) basis of H Γ5 ,which is the coherent spin network states with nodes labeled by Livine-Speziale coherent intertwiners. We start from associating an SU (2) coherent state |j, n(ξ) [34, 41] in the spin-j representation to each link of the graph Γ 5 , labeled by the spin-j and a unit vector n(ξ) defining a direction on the sphere S 2 , associated to a normalized spinor ξ ∈ C 2 . In fact, one can obtain these coherent states from the maximal weight vectors |j, j , when m = j on the basis states |j, m , which minimize the (SU (2) invariant) uncertainty ∆ ≡ | J 2 − J 2 | in the direction of J z . Starting from the highest weight, an infinite set of coherent states on the sphere SU (2)/U (1) ∼ S 2 are constructed through the group action, |j, n = n|j, j , where n is a unit vector defining a direction on the sphere S 2 and n an SU (2) group element rotating the directionẑ ≡ (0, 0, 1) into the direction n. Just as |j, j has direction z with minimal uncertainty, |j, n has direction n with minimal uncertainty. One can go further to use a normalized spinor ξ ∈ C 2 to label an SU (2) group element
and the corresponding vector n(ξ). These coherent states are peaked on the geometry of a classical triangle: n are associated to unit-normals to triangles of a tetrahedron, and j areas of the triangles. We assume all the normals outward to the tetrahedron, which satisfy
thus we associate to each triangle (ab) normals − n ab and n ba when a is target of the triangle and respectively b is the source. The antipodal vector − n(ξ) can be associated to Jξ, i.e. − n(ξ) = n(Jξ), with
A Euclidean coherent intertwiner between the representations j 1 , . . , j 4 is defined as
up to a normalization, with the SU (2) coherent states |j, n satisfying the closure constraint (6). Here we use h to denote the SU (2) group element as well as the corresponding representation. Let us now introduce the notion of Lorentzian Livine-Speziale intertwiner, which generalizes the Euclidean Livine-Speziale intertwiner [34] to the one related to the Lorentzian geometry. Since one has the closure condition for the 4-simplex and all the tetrahedra are space-like, with outward normals, there is at least one (and at most four) tetrahedron with past-pointing outward normal. The Lorentzian coherent intertwiner Υ( n 1 , . . , n 4 ) can be obtained from the Euclidean one (8) by time reversing the normals of past-pointing tetrahedra:
• For future-pointing tetrahedra,
• For past-pointing tetrahedra,
The effect of time reversal T on the coherent states are given by
and thus on the (past-pointing) coherent intertwiner by
. (12) Here we assume the normal to the 5th tetrahedron are future-pointing and thus a = 1, ...4. The minus signs in the r.h.s. of equation (10) keeps normals outwardpointing. Combining the two components (9) and (10), one obtains
with Π ab related to Lorentzian geometry in equation (4) . From the intertwiner relation (13), one can call exp (−i a<b Π ab j ab ) Lorentzian-geometry phase, which maps the Euclidean coherent intertwiners to the Lorentzian ones.
This Lorentzian coherent intertwiner can be used to label nodes of Lorentzian coherent spin network state.
Calling v m1···m4 i the standard recoupling basis for intertwiners, we can define the coefficients
We define a Lorentzian coherent spin network |Γ 5 , j ab , Υ a as the state labeled by ten spins j ab and 4 × 5 normals n ab and given by the superposition
(15) If one uses |Γ 5 , j ab , Φ a ( n) to denote the Euclidean coherent spin network state with nodes labeled by Euclidean coherent intertwiner Φ a ( n), as in [13] , the Lorentzian coherent spin network state |Γ 5 , j ab , Υ a ( n) can be expressed as |Γ 5 , j ab , Φ a ( n) times a Lorentzian-geometry phase:
The two phases from the intertwiner relation (13) and from the spin network relation (16) are different, in the sense that a is fixed in the former but free in the latter. In fact, the latter phase is product of the five phase in the former form. However, here, we call both of them Lorentzian-geometry phase, if there is no confusion rises.
A Lorentzian semiclassical state peaked both on intrinsic and extrinsic geometry can be given by a superposition of Lorentzian coherent spin network states:
with coefficients ψ jo,φo (j) given by a gaussian times a phase,
where φ o labels the simplicial extrinsic curvature, which is an angle associated to the triangle shared by the tetrahedra; the 10 × 10 matrix α (ab)(cd) is assumed to be complex with positive definite real part. These coefficients are originally proposed in [15] and used to calculate the Euclidean two-point [13] and three-point [14] correlation functions. Here we will use the Lorentzian semiclassical state (17) to calculate the Lorentzian two-point correlation function.
III. THE EPRL AMPLITUDE IN LORENTZIAN THEORY
In this section, we give a brief introduction to the SL(2, C) EPRL amplitude of a coherent spin net-work. Throughout this paper, SL(2, C) refers to the 6-dimensional real Lie group of 2 × 2 complex matrices with unit determinant, and is called simply the Lorentz group. It covers the group of proper orthochronous Lorentz transformations, SO + (3, 1), which is the component of the group O(3, 1) connected to the identity.
The principal series of irreducible unitary representations of the Lorentz group SL(2, C) are labeled by two parameters (k, p), with k an integer and p a real number [42] . Given a carrier space H (k,p) , the canonical basis is given by the basis diagonalizing simultaneously the Casimir operators, which is denoted as |(k, p); j, m .
The SL(2, C) EPRL amplitude of a single 4-simplex for a Lorentzian coherent spin network state |Γ 5 , j ab , Υ a ( n) reads
with
Notation is as follows. The indices a, b = 1, ..., 5 label the tetrahedra on the boundary of the 4-simplex and (ab) labels the triangles between the corresponding tetrahedra; the integral is over one group element of SL(2, C) per each tetrahedron. We restrict ourselves to the spacelike tetrahedra. We use g to denote the group elements, as well as the corresponding representations. The EPRL embedding map Y embeds the spin-j irreducible representation H j of SU (2) to the irreducible unitary representation
Note that we associate to each triangle (ab) normals − n ab and n ba when a is target of the triangle and respectively b is the source. That is why we have a minus sign in the bra coherent state in the definition of P ab in equation (20) . And the Hermitian inner product is defined as z, w = z o w o +z 1 w 1 . To see this amplitude (19) explicitly, one can turn to a representation of the Lorentz group SL(2, C) on the space H (k,p) of homogeneous functions of the complex affine plane C 2 − {0, 0},
with the group transformation
The canonical basis is denoted as f j m (z) (k,p) . And the inner product is given by
with dz
. This integral is invariant under the scaling z → az, according to the homogeneity (22) . To modulo this equivalence relation, one can choose ϕ(z) = f (z, 1) associated with each f (z o , z 1 ) ∈ H (k,p) ; the functions ϕ(z) forms a realization of H (k,p) , which we can still call H (k,p) . Functions ϕ(z) can be considered as the homogeneous functions on the complex projective line P, the subspace of the complex affine plane, modulo the equivalence relation az = z. For calculating simplicity, we will still keep the formulae of f (z) on the complex affine plane in the following and reduce to ϕ(z) ∈ P when necessary.
In this representation of homogeneous functions, SL(2, C) coherent state |(k, p); k, n(ξ) with lowest spin k can be written as [7] 
And hence equation (20) can be rewritten [43] as
where
; ξ ba and Jξ ab are spinors associated respectively with n ba (ξ) and − n ab (ξ), as introduced in equation (7); note that g is used to denote the group elements, as well as the corresponding unitary representations; the property of unitary representation is considered in the 3rd step ,equation (25) used in the 5th step and in the 6th step, the integral variable z is changed into its complex conjugatez, where the minus sign comes from the integral measure. If we denote the integrand in equation (26) as K ab :
the integral (26) is simply expressed as
Thus the EPRL amplitude (19) can be written as
where the "action" S is given by
Note that the "action" S here has one more term −i Π ab j ab than the one in [7] , since we consider the Lorentzian coherent spin network states. This expression, however, is ill defined, due to the fact that the integral may diverge. This issue is addressed and answered in [44, 45] , where it is shown that the source of the divergence is a redundant integral over SL(2, C) in the vertex amplitude (29) . It is then immediate to regularize the vertex amplitude by removing one SL(2, C) integration. The resulting amplitude with an integral over 4 a=1 dg a is proven in [44, 45] to be finite.
IV. LORENTZIAN TWO-POINT FUNCTION AND ITS INTEGRAL FORMULA
Following [13] , the connected two-point correlation function G abcd nm on a semiclassical boundary state |Ψ o is defined as
where (E a n ) i is a flux operator through a surface f an dual to the triangle between the tetrahedra a and n, parallel transported in the tetrahedron n. Here the dynamical expectation value of an operator O on the semiclassical state |Ψ o is defined via
The semiclassical state |Ψ o , which is introduced in the end of section II, can be simply expressed as a superposition:
with ψ j given by equation (18) . Thus the two-point function (31) can be also written as a superposition:
To see this explicitly, let us go first to derive integral expressions for W |E a n · E b n |j, Υ( n) and W |E a n · E b n E c m · E d m |j, Υ( n) . As in [13] , one can introduce an "insertion"
and obtain the integral expression of W |E a n · E b n |j, Υ( n) and W |E 
where the product is over couples (cd) different from (na), (nb), (mc), (md). Now let us come to express the insertion Q 
and the fact that the generator J i ab of SU (2) can be obtained as the derivative
we have that
equation (39) turns out to be
Let
and use K ab given by equation (27) , one can rewrite equation (42) simply as
This equation can be used to rewrite equations (36) as
Here we remove a redundant δg 5 integral, as discussed in Sec. III. Then the two-point function (34) can be reexpressed in terms of group integrals: 
where the group integral is over δ
a=1 δg a and δ 10 z is short for the integral measure a<b dj ab π dz ab over P.
V. ASYMPTOTIC EXPANSION OF THE TWO-POINT FUNCTION FOR LARGE SPIN
In this section we study the large-j o asympototics of the correlation function (48) . We use the technique developed in [13] . The idea is rescaling the spins j ab and (j o ) ab by an integer λ so that j ab → λj ab and (j o ) ab → λ(j o ) ab , thus the two-point function (48) can be reexpressed as G(λ). To study large-spin limit turns then to study large-λ limit, via stationary phase approximation. In Sec. V A we give a brief framework of this technique. Then in Sec. V B-V C we give the detailed calculation.
A. The rescaled correlation function and stationary phase approximation
As in [13] , let j ab → λj ab and (j o ) ab → λ(j o ) ab , we rescale the correlation function (48) as 
where the "total action" is defined as S tot = log ψ + S or more explicitly as
Using Euler-Maclaurin formula, one can evaluate the sums over spins j using integrals in the large λ limit:
so that the rescaled correlation function (49) can be approximately expressed in the large λ limit 
We will study the large-λ asymptotics of expression (52). Let us rewrite the two-point function (52) formally as
then the asymptotic expansion of G(λ) for large λ is given by
Here x o is the critical point, i.e. the stationary point where the real part of the action vanishes, ReS(x o ) = 0; p i = ∂p/∂x i , H is the Hessian matrix at the critical point H = S (x o ). Our task is to obtain the critical point, the derivative of the insertions in Sec. V B and the Hessian in Sec. V C.
B. The critical point and the derivative of insertions
The critical point is the one where the real part and the derivatives of the total action S tot vanish. The real part of the total action (50) is given by
Having assumed that the matrix α in the boundary state has positive definite real part, we have that the real part of the total action is negative or vanishing, ReS tot ≤ 0. In particular the total action vanishes for the configuration of spins j ab and group elements g satisfying
where Z ab is the norm of Z ab induced by the Hermitian inner product, and φ ab and φ ba are phases. The requirement that the variations of the total action with respect to the spinors z ab andz ab vanishes, δ z S tot = δzS tot = 0, lead both to
evaluated at the maximum point (56b). For the group variables, δ g S tot = 0 leads to
evaluated at the maximum point (56b). In fact the normals n ab in the boundary state are chosen to satisfy the closure condition at each node. Therefore the critical points in the group variables are given by all the solutions of equation (56b).
The variations of the total action with respect to the spins j turns out to be
Imposing the maximal-point equation (56) and the critical-point equation (57), equation (59) is reduced into
where the parameter µ = ±1 measures the discrepancy of the orientations of the 4-simplex σ: there are two orientations of the 4-simplex σ, one inherited from the Minkowski space where σ is embedded, the other induced from the boundary data; µ = 1 if these two agree and µ = −1 otherwise. The requirement that equation (60) vanishes selects µ = 1, which means we only consider the case when the orientation of the boundary data agrees with the one induced from the Minkowski space. We end this subsection by the first derivative of the insertion q ab n (g, z) evaluated at the critical point:
C. Hessian matrix of the total action
Following the stationary phase approximation introduced in section V A, once the Hessian matrix is obtained, one can get asymptotic expansion of the twopoint function (48) by using equations (54) and (61). Now let us come to calculate the Hessian matrix.
The Hessian is defined as the matrix of the second derivatives of the total action where the variable g 5 has been gauge fixed to the identity. We split the Hessian matrix into derivatives w.r.t. the spins j,w.r.t. the group elements g and w.r.t. z. The Hessian will then be a 
We will now describe the non-vanishing blocks of this matrix. Q jj is a 10 × 10 matrix containing only derivatives with respect to the spins j ab , with elements
H gg is a (4 × 6) × (4 × 6) matrix containing only derivatives with respect to the group elements g a . Note that due to the form of the action, derivatives with respect to two different group variables will be zero and it will be block diagonal
Each H aa is a 6 × 6 matrix. The variation has been performed by splitting the SL(2, C) element into a boost and a rotation generator. This gives 
28, [46] [47] [48] . Now let us come to study the Hessian matrix in this limit and the correlation function as well. Before we take this limit, let us comment more on j → ∞. In the Lorentzian signature, we do not have the regular 4-simplex, so that we do not have j ab = j or (j o ) ab = j o for all triangles. Since all j ab → ∞ in the large-j limit, however, we can factorize each spin into j ab = j ab and let j → ∞ and ab finite. Thus we have a fundamental area A = γj and ab is obtained when we use the fundamental area A = γj to measure triangle (ab). Now let us take the limit for the Hessian matrix.
• The derivatives with respect to group elements H gg = jH gg , with 24 × 24 matrix H gg independent from j and γ.
• The derivatives with respect to spinors H zz = j(H zz + O(γ)), with 20 × 20 matrix H zz independent from j and γ.
• The derivatives with respect to group elements and spinors H gz = j(H gz + O(γ)), with 24 × 20 matrix H gz independent from j and γ.
Thus we can express the Hessian matrix in the limit as
with 44 × 44 matrix H independent from j and γ. The inverse of this Hessian matrix (78) is simply
Substituting (61)-(65) and the approximate hessian matrix (78) into (54) we obtain the asymptotic expansion of the correlation function
with X independent from the boundary spin j and from γ, as well as the combination
In terms of these quantities we have the following twopoint correlation function
If we take the classical limit, introduced in [13] , where the Barbero-Immirzi parameter is taken to zero γ → 0, and the spin of the boundary state is taken to infinity j → ∞, keeping the size of the quantum geometry A ∼ γj finite and fixed 2 , the two-point function (82) we obtain exactly matches the one obtained from Lorentzian Regge calculus [38] .
Similarly, higher order n-point correlation functions can be computed using the generating functional technique discussed in [49, 50] .
VI. CONCLUSION
In this paper we have studied in the Lorentzian signature the two-point correlation function of metric operators of EPRL spinfoam model.
The analysis presented involves two distinct ingredients. The first is a setting for defining correlation functions. The setting is the boundary amplitude formalism. It involves a boundary semiclassical state |Ψ o which identifies the regime of interest, loop quantum gravity operators E a n · E b n which probe the quantum geometry on the boundary, a spin foam model W | which implements the dynamics. The formalism allows to define semiclassical correlation functions in a background-independent context. The second ingredient consists in an approximation scheme applied to the quantity defined above. It involves a vertex expansion and a large spin expansion. It allows to estimate the correlation functions explicitly. The explicit result can then be compared to the correlation function of Regge calculus. In this paper we focused on the lowest order in the vertex expansion and the leading order in the large spin expansion. In the following we collect some remarks on these two ingredients.
The boundary semiclassical state |Ψ o used here is Lorentzian, in the sense that it is related to Lorentzian geometry of 4-simplex. It is obtained via a superposition over spins of Lorentzian coherent spin network |Γ 5 , j ab , Υ a with nodes labeled by Lorentzian LivineSpeziale coherent intertwiners. The Lorentzian coherent intertwiner is the product of Livine-Speziale coherent intertwiner with a Lorentzian-geometry phase.
For the approximation scheme, we consider the limit, where the Barbero-Immirzi parameter is taken to zero γ → 0, and the spin of the boundary state is taken to infinity j → ∞, keeping the size of the quantum geometry A ∼ γj finite and fixed. This limit corresponds to neglecting Planck scale discreteness and twisting effects, at large finite distances. It is interesting to notice that the same limit was considered in [51] in the context of loop quantum cosmology. In this limit, the two-point function we obtain exactly matches the one obtained from Lorentzian Regge calculus [38] .
Deriving the LQG correlation function at the level of a single spin foam vertex is certainly only a first step. Within the setting of a vertex expansion, an analysis of the LQG correlation function for an arbitrary number of spinfoam vertices is needed. In [9, 10] , asymptotic analysis of spinfoams with an arbitrary number of vertices is studied in γ → 0 limit. Without taking γ → 0, the large-j of spinfoams with an arbitrary number of vertices is studied in [5] with a closed manifold, and is generalized recently to the one with boundary [11, 12] . It would be interesting to investigate the contribution of the γ-term to correlation functions when more than a single spin foam vertex is considered.
